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Abstract
When a flag flutters, tension is dynamically induced by the two-dimensional

vibratory motion. The dynamic process, involving centrifugal forces due to the
curved path of the trailing edge, is similar to the whipping of an oscillating rope,
and accounts for most of the drag-force observed at the flagpole attachment
(luff). Conversely, the induced tension, combined with the curvature of the
fabric, opposes the pressure forces from the flow field and extracts momentum
from it.
In order to estimate post-critical flag and panel flutter amplitudes, it is nec-

essary to compute the structural stiffening due to dynamically induced tension.
Tension in typical flag flutter motion, consisting of a traveling wave growing

in amplitude as is progresses towards the trailing edge, is obtained by approxi-
mate analysis, using a Computer Algebra System. The general P.D.E. of motion
is obtained from Hamilton’s principle.
The time-averaged tension depends on the square of the velocity amplitude

of the oscillating fabric. The distribution of time-averaged tension is shown for a
typical flag flutter motion. An estimate of the tension fluctuations is developed.
The fluctuations are small (relative to the average tension) at locations several
wavelengths from the trailing edge (leech), but are important near the leech.
It is shown that the induced-tension term in the governing P.D.E. derives from
the in-plane kinetic energy of the flag motion.
Dynamically induced tension is shown to be important if the stiffness of the

fabric is low: an order of magnitude criterion is presented.

1 Introduction

Flag flutter raises three fundamental questions:

1. Why does the flag flutter?

2. Why is the drag of a fluttering flag or banner much greater than that of
a similar rigid vane?
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3. What limits the amplitudes of a fluttering flag?

The first question was answered qualitatively by Thoma [1] when he pointed
out that flow over a wavy surfaces produces an elevated pressure in the troughs
and a reduced pressure over the crests, tending to increase the amplitudes.
Sparenberg [2] confirmed that a traveling wave is generated.
The second question was raised by Fairthorne [3]. He observed that the

increased drag varies directly with the mass-per-unit-area of the material, con-
sistent with causation by the dynamics of the motion. Thoma [4] obtained the
average tension in a waving rope, and linked it to the third question by pointing
out that this dynamically induced tension tends to oppose the fluid-dynamic
instability [1]. Our objective is to study this balance of forces.
Where the flag curves, any tension tends to flatten the flag, opposing pressure

differences across the flag. These pressure differences are complementary to the
flow field around the flag. Conversely, the flow field around the flag generates
pressure forces normal to the flag, accelerating it; the resulting motions of the
flag generate centrifugal forces which induce tension in the flag; and this tension
opposes and ultimately limits the amplitudes of the flag motion.
This process dynamically transform normal (lift) forces on a flexible fab-

ric into tension (drag) forces. It can be studied or measured either from the
structural and from the fluid side:

• from the structural side, we can analyze the dynamics of the flag (as we
will do below), or measure the drag forces at the flagpole; and

• from the fluid side, we can analyze the flow field, or measure the velocity
profile in the wake.

The drag force must, of course, balance the momentum defect in the wake.

For the purpose of the initial physical analysis, the following simplifications
will be made:

A: The flag is perfectly flexible: the bending stiffness term is neglected.

B: The flag is inextensible: the path length from luff to leech is constant.

C: Gravity is neglected, and the deflections are uniform across the width.

D: The flag is wide compared to wave-length: the flow-field is two-dimensional.

E: Except for skin-friction calculations, the flow-field is potential flow.

The limitations introduced by these assumptions can be re-examined later.
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2 Initial Stability

It has been proposed that flag flutter is caused either by vortex-shedding from
the flagpole, or else by pressure-feedback from the vortex-street in the wake of
a flat plate or sheet. However, observed flutter does not match either Strouhal
frequency. Hence, our analysis looks for an instability phenomenon.
The governing equation of the flag for small deflections w as a function of

time t and of distance x from the flagpole (luff) is

mflag
∂2w

∂t2
− T

∂2w

∂x2
− ∂T
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+EI

∂4w

∂x4
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where mflag is the mass-per-unit-area of the flag, T is the tension-per-unit-
width, and EI is the stiffness which we will neglect for now. ∆p is the pressure
difference generated by the flow field. In a paper on web spans [5] we have shown
that the effect of a potential flow field can be replaced by aerodynamic mass
terms resembling the “gyroscopic” inertia, Coriolis, and centrifugal coefficients
in the Threadline Equation [6]
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where U∞ is the far-field velocity of the surrounding air and ma is the aerody-
namically induced mass-per-unit-area. For slender webs, ma is a function only
of web width and air density ρair; but for wide webs and sinusoidal deflections
of wavelength λ, it becomes ma = ρairλ/π. While this representation is appro-
priate for continuous web spans, it is imperfect near the trailing edge (leech) of
a flag, but still useful for approximate analysis.
Tension T > maU

2∞ provides initial stability of a flexible flag. However,
tension due to boundary-layer shear is small; at laminar Reynolds numbers, the
tension-per-unit-width is

Tdrag
LρairU

2∞
∼= 1.328

s
(μair/ρair)

U∞L

"√
L−√x√

L

#
(3)

which peaks at the leading edge, but falls towards zero as we approach the
trailing edge, x→ L.

Figure 1: Distribution of drag-induced tension as a function of location x

At the leading (luff) edge, the tension is proportional to U1.5∞ for laminar
boundary layers (or to U1.2∞ for turbulent boundary layers). We see that a
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flag is unstable even at quite small U∞, at least near the trailing edge, unless
we introduce some stiffness EI as in panel-flutter. Observations by Datta &
Gottenberg [7] and Yamaguchi et al.[8] confirm that flexible flags begin to flutter
at very low wind velocities.

3 Wave Form

Once flutter begins, additional tension is induced by the dynamic deflection w
in the z-direction (normal to the initial plane of the flag). For the purpose of
analysis, we postulate a deflection w which captures the essential features of the
observed motion: a traveling wave within an envelope growing from a value of
zero at the luff (x = 0) to the amplitude A at the leech (x = L), e.g., in the
form suggested by Thoma [1]

w =
A sin (αx/L)

sin (α)
cos (ωt− κx) (4)

=
A

2 sin (α)

h
sin
³
ωt− κx+

α

L
x
´
− sin

³
ωt− κx− α

L
x
´i

where the constant α ≤ π/2 is the shape parameter of the envelope. The
simplest case, used by Uno [9], is to let α→ 0, resulting in a linearly increasing
envelope for the traveling wave

w =
Ax

L
cos (ωt− κx) (5)

where A is the maximum amplitude; x is the distance along the flag measured
from the luff; L is the maximum value of x; and the frequency of the waves is
f = ω/2π. In this first approximation, κ is taken to be a constant; therefore, the
wave-length is assumed constant at λ = 2π/κ and phase velocity c = fλ = ω/κ
is also constant.
Experimental observations by Watanabe et al.[10] on flutter of sheets as well

as slack edges of webs in paper machines, indicate that this description is ap-
propriate over a wide range of air velocities. At very low velocities both Uno [9]
and Watanabe et al.[10] observed similar behavior, but with a smaller num-
ber of waves within the length of the flag. At very high velocities, Taneda [11]
observed an additional flapping motion at a higher frequency near the trailing
edge, overlaid onto the basic flutter motion. In the presence of some amount of
stiffness EI, both Taneda [11] and Watanabe et al.[10] observed partial nodes,
indicating a certain amount of wave reflection at the trailing edge.
Similar wave forms have also been observed by Zhang et al.[12] on filaments

in flowing soap films, which have been numerically simulated by Farnell, David,
& Barton [13].
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4 Time-averaged Tension

Thoma [4] analyzed an oscillating rope subjected to arbitrary normal forces (or
a waving flag subjected to pressures). Writing V for velocity and T for tension,
he derived a simple relationship for average tension as a function of distance s
along the flag.

dT

ds
=

mflag

2
· d
ds

³
V 2
´

(6)

Integrating along the length L of the flag, with uniform mass-per-unit-length
mflag from luff (s = 0) to leech (s = L), the average value of the tension at the
attachment is

T luff =
1

2
mflagV 2

leech (7)

Inserting our simple wave form and evaluating it near the tip (x ∼= L)

·
w
2

leech
∼= A2ω2

2
(8)

we obtain the total dynamically-induced drag at the flagpole

T luff ∼= mflag

2
· A

2ω2

2
(9)

Starting with Fairthorne [3], practical observations indicate that this is generally
substantially greater than skin-friction drag.
Similarly, we can obtain the time-averaged tension distribution as a function

of x
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2
· A

2ω2

2
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¶
showing that the dynamically induced tension is distributed much more broadly
than drag-induced tension.

Figure 2: Distribution of dynamically induced tension as a function of location.
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5 Tension Fluctuations

Using Scientific WorkPlace [14], which uses Maple as a Computer Algebra Sys-
tem, we can relate the path length s of the wave to coordinate x

ds

dx
=

s
1 +

µ
dw

dx

¶2
(11)

The u-deflection in the (negative) x-direction (parallel to the free-stream veloc-
ity) is u = x − s. The position of an element of the flag is described by the
w-deflection normal to the reference plane, plus the u-deflection in the reference
plane of the flag. For moderate deflections and slopes, (dw/dx)2 ¿ 1, we can
approximate the path length expression with the first two terms of the binomial
expansion

ds
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∼= 1 + 1

2
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¾2
(12)

which simplifies the algebra considerably. We integrate, expand the terms to
separate time and space variables, and obtain the longitudinal deflection and
acceleration. Combining this with the transverse acceleration to obtain the
acceleration vector, and relating it to the direction cosines of the flag itself, the
change in tension with location is described by
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which we can integrate to obtain tension
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where the expression in the curly brackets reaches a maximum value at the luff,
where x = 0½

1

4
(κL)2 +

1

8

q
2− 2 cos 2κL− 4κL sin 2κL+ 4 (κL)2 cos (2ωt− φ)

¾
(15)

The value and distribution of the time-averaged tension have already been shown
in the previous section; the amplitude of the fluctuations in tension at the luff
is µ

A

L

¶2
mflag

ω2

κ2

½
1
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(16)
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We can determine bounds as follows:

1

4

q
(κL)2 − κL ≤ 1

8

q
2− 2 cos 2κL− 4κL sin 2κL+ 4 (κL)2 ≤ 1

4
(κL+ 1)

(17)
We conclude that the amplitude of the fluctuations is guaranteed to be less than
the average if L > λ/4. This condition is met by typical flags, which are several
wave-lengths long. When the flag is many wave-lengths long (κL À 1), the
fluctuations approach κL/4, which is 1/κL of the average value.

6 Governing Equation

Having demonstrated the importance of the dynamically-induced tension, we
expand the Equation 1 to include non-linear structural terms. Using the Hamil-
ton’s Principle approach outlined by Païdoussis [15], and using the curvilinear
coordinate s along the path of the inextensible flag
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The integral terms, generated by the in-plane component of kinetic energy,
can be seen to correspond to dynamically induced tension and tension-gradient
terms.

7 Conclusion

We learn that we cannot neglect in-plane kinetic energy just because it is small
compared to out-of-plane kinetic energy: the terms generated by in-plane motion
compete with skin-friction Tdrag and stiffness EI terms. We must assess the
importance of T∂2w/∂x2 by comparison with EI∂4w/∂x4 at the appropriate
wavelength.
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